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A class of hypergraphs, named polygraphs, especially suitable for modelling polymer systems, 
is defined and we discuss in detail the conditions which give rise to the Giant Component in the 
polygraph. This problem is analogous to gel formation in a crosslinked polymer system. 
To this end an equivalence class of polygraphs with given connectivity is defined and charac- 
terized by a specially introduced probabilistic representation. Our Topological Gelation Criterion 
is applicable to systems that may be far from thermodynamic equilibrium and need not neces- 
sarily be random. The criterion applies to polymers, superpolymers, cell aggregates, immunocyto- 
chemical systems and other systems. 
1. Introduction. Representing crosslinked systems by bypergraphs 
Random graphs have been used during the last few years for modelling polymer 
systems (Kennedy [ 111). There exist many beautiful articles and monographs on ran- 
dom graphs, starting with the pioneering works [4,5] by Erdos and RCnyi of 1959- 
1960 and more recently [2,10,21]. 
Our approach, however, is different [15-191. It may be most easily formulated 
in terms of hypergraphs rather than graphs and makes use of a probabilistic- 
topological representation of a (hyper)graph. 
Any System with Discrete Interactions (SDI), i.e., one which lacks crystal-like 
translational symmetry but any structural element of which interacts directly with 
only a finite (in most cases small) number of other elements [ 151, may be represented 
by some hypergraph H= (V(H), B(H), @P(H)) where V(H) and B(H) are sets of ver- 
tices and hyperbranches, respectively, and Q(H) is the hyperincidence relation (inci- 
dentor) (cf. [20,25]). 
Very often the system we are interested in is so big, and the numbers of vertices 
and branches in the corresponding (hyper)graph Hare so large, that it is impossible 
to describe in detail the topological structure of H [24]. Consequently we concen- 
trate on the statistical properties of W. This is done using probabilities (frequencies), 
qr (k= 1, . . ..K. m= 1 , . . . , M), which characterize topological properties of H while 
being themselves functions of parameters, Ai (i= 1, . . . ,I), that correspond to 
measurable characteristics of the system under consideration. 
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The set S, where 
s= {&?(A;)3 (1) 
wiIl be called the probabilistic representation of H, properties of H and so of the 
SD1 corresponding to it, are represented as certain functions or functionals defined 
on the set S [16]. 
To give a specific example we shall confine ourselves to the sol-gel transition in 
a Crosslinked Polymer System (CPS), this being a simple example of SDI. We shall 
represent the CPS by a hypergraph H. Polymer chains (elements) are represented 
by hyperedges whereas crosslinks (interactions) are represented by vertices. For the 
probabilities qz one takes the fractions of crosslinks, r$ (where k = 0, 1, . . . , K is the 
n 1 - vertex A A 2 - vertex A 
0 1 - vertex B n 2-vertex B 
l j - vertex 
0 any vertex 
-A edge 
0 0 B edge 
O----Q any edge 
_Z 4-0 polyedge A 
ns p polyedge B 
0-a P e-0 subpolyedge A 
e------a I _ subpolyedge B 
e----o any subpolyedge 
a chain of cycle-closing subpolyedges 
Fig. 1. Representation of crosslinked polymer system by a colored polygraph. Symbols on the left-hand 
side of equivalence signs are ‘short-hand’ notation for symbols on the right-hand sides of those signs. 
These simplified symbols are used in the following figures. 
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number of free chain ends emanating from a crosslink under consideration and 
m = t or m = c shows if a given crosslink forms a molecular tree or closes a cycle, 
respectively) as well as the fractions z, (I=A, B) of crosslinked material (for details 
concering computing those characteristics cf. [15, 16, IS]). 
When used to model polymer systems, hypergraphs make it possible to dis- 
tinguish, in a very natural way, between the elements held together by strong 
covalent bonds and those held together by possibly much weaker crosslinks. 
For simplicity we confine ourselves to CPS consisting of two kinds of linear 
macromolecules, say A$ of kind A and NB of kind B, bearing active groups of 
types A and B, respectively, such that a group RA may react with a group RB in a 
reversible or irreversible manner, to form a crosslink: 
RA+RB 4*-J (2) 
The system is modelled by a colored hypergraph H= (V(H), B(H), Q(H)) (cf. 
definition in [20]). The vertices correspond to ends of macromolecules of kinds A 
and B, to reactive groups RA and RB and to crosslinks. They are distinguished by 
giving them different colors, say a,b, r A, rB and j, respectively. Different colors, 
say A and B, are assigned also to hyperbranches that correspond to macromolecular 
chains of different kinds (cf. Fig. 1). Further, for simplicity, we use notions of a- 
and b-vertices (or l-vertices or pendant vertices), rA- and r’-vertices (or 2-vertices), 
j-vertices, A- and B- polyedges (cf. also Table 1). In a more general case than that 
shown in Fig. 1, an A-polyedge may be incident also with rB-vertices and vice 
versa; more vertex and polyedge colors are also possible. 
Let u. and bt+ 1 be l-vertices and ol, . . . , ut be either 2-vertices or j-vertices. A 
hyperbranch b’e B(H) (Z=A, B) will be called a t-polyedge, if 
((b’, 00, VI, ~2, . . . . ut- 19 u,, u,+ 1) E @W)) (W 
and 
(<b’, u,, 1, u,, utp 1, . . . . u2, u1, u,> E Q(H)) (3b) 
but for any other vector w~Z7(o), where n(o) denotes the set of permutations of 
1 JJo,U1,...,Ut,U1+1 1 
(<b’, w>) $ WO (3c) 
If all vertices except o. and o,, 1 in a t-polyedge (3) are of valence 2 it will be cal- 
led a simple t-polyedge. A hypergraph having only simple t-polyedges will be called 
simple polygraph, Ho. Such a hypergraph correspond to an uncrosslinked system. 
A hypergraph having only t-polyedges, not necessarily simple ones and possibly with 
different t, will be called a polygraph. When speaking about a hypergraph we 
assume it to be a polygraph unless otherwise stated. It is also convenient to define 
an edge, a semipolyedge and a subpolyedge. The meaning of these terms is apparent 
from Fig. 1 (cf. also Table 1). (Poly)edges and/or vertices may be appropriately 
weighted [ 181. 
Polygraphs enable us to take into account the linear order of the macromolecular 
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Table 1. Correspondence between a Crosslinked Polymer System (CPS) and its polygraph model. List 
of notation used. 
Crosslinked Polymer System Polygraph 
crosslink 
reactive group of type A or B (free) 
reacted group of type A or B 
free end of primary (macro)molecule 
of kind A or B 
macromolecular chain 
between two crosslinks 
or between two reactive groups 
or between a crosslink and a reactive group 
free chain end 
PM, primary (macro)molecule 
macromolecular chain between two 
crosslinks 
macromolecular chain between a 
crosslink and the end of a primary 
macromolecule 
cycle, i.e., a track linking the 
crosslink with itself through 
molecular chains and other crosslinks 
functionality of a crosslink, K 
number of chains going from the 
given crosslink to other crosslinks 
CCC, Gelly-Capable Crosslink 
GCT, Gelly-Capable Group 
GCM, Gelly-Capable Macromolecule 
j-vertex 
Y-vertex, rB-vertex (2-vertex) 
gr Am-vertex, g,Bm-vertex 
a-vertex, b-vertex 
(l-vertex or pendant vertex) 
edge 
pendant edge 
PE, polyedge 
subpolyedge 
semipolyedge 
closed chain of subpolyedges 
total valence of a vertex, w 
j-valence of a vertex, WJ 
PEJ, Polygraph-Expanding j-Vertex, jg 
PEG, Polygraph-Expanding g-Vertex, gfg 
PEP, Polygraph-Expanding Polyedge 
chains they are modelling. For many physicochemical properties the order inside a 
macromolecular chain is of primary importance. By dropping (3b) from the defini- 
tion of a polyedge one may introduce the notion of an asymmetric t-polyedge. This 
results in a good model of a polar macromolecule. The hypergraphs considered by 
Berge [l] do not permit such a possibility. 
Generalizing the definition of vertex valence, we will say that a vertex has J- 
valence equal to wJ if, of the w vertices it is adjacent to, exactly wJ are j-vertices, 
i.e., if they are wJ subpolyedges incident with this vertex. For #- and rB-vertices 
w = 2 and wJ= 0 or 1 or 2. For a- and b-vertices w = 1 and w,= 0 or 1. Similarly, 
a j-vertex is said to have I-valence equal wI if it is incident with exactly wI semi- 
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polyedges of kind Z (Z=A, B). The notion of the total valence of a j-vertex cor- 
responds to the functionality of a crosslink. 
In our previous work [14,16,17, IS] a probabilistic representation of CPS was in- 
troduced. To formulate the theory in terms of polygraphs we subdivide j-vertices 
into different classes (k = 0, 1, . . . , w, showing the number of semipolyedges the 
vertex is incident with) and into different categories (m =c or t, showing if the j- 
vertex is a part of a cycle-closing chain of subpolyedges or is forming a tree-like core 
of the polygraph; cf. below). These will be called j’- and j’- vertices, respectively. 
Subdivision into categories is a fuzzy one. Eachj-vertex is of category c with pro- 
bability /3, whereas of category t with probability (1 -/3), where 
&_ i-7 
J 7 
(4) 
J?’ denotes the minimal number ofj-vertices necessary for the polygraph to have the 
given connected components (cf. [6]), and Jis the total number of j-vertices in the 
polygraph. 
Parameter p [14] is related to the cycle rank of the network, 4’ (see [9] and [23]), 
and to the number of ring closures, C (see [7]). We have shown, however, that /3 
may generally be expressed as a function of the crosslinking density index, I (eq. (8)) 
from so-called Principle of Macroscopic Uniformity (PMU) [14,15,16]. 
If the number ofjr-vertices, i.e., the ones categorized into the mth category and 
classified into the kth class, is equal to ~7, we define the fractions nr by 
J?? np=- 
J 
(m=c,t; k=O ,...) w). (5) 
Similarly, if the number of simple t-polyedges of color Z belonging to H (isomor- 
phic with uncrosslinked macromolecular chains in CPS) is equal to (A$), we define 
fractions zI by: 
(l+~, (6) 
The n?‘s and zl’s must fulfill obvious normalization conditions [16]. The set 
S,= ($(A v); %(A Y)> (7) 
is a probabilistic representation of H, expressed in terms of two parameters: the 
branching index l(H) (being equal to the crosslinking density index, I, of the CPS 
corresponding to N): 
A=Z= 
2; 
(NA + NB) 
(8) 
and the cyclomatic number, y(H), which is related with the probability of a closed 
cycle, p (eq. (4)) in the CPS (cf. below). 
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Fig. 2. Categorization and classification of j-vertices. In braces the ‘composition’ of the j-vertex of gFm- 
vertices, being in agreement with eq. (10) is given (cf. Fig. 3). 
For simplicity, we shall confine our attention to polygraphs in which all j-vertices 
have total valence w=4 (Fig. 2). This corresponds to CPS having tetrafunctional 
crosslinks. The time evolution of the system is given by a one-parameter family, X’, 
of such polygraphs, where HP E X is isomorphic with the CPS under consideration 
as characterized at the moment t by the value p(t) of the parameter. We assume that 
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at t = 0 the system is completely uncrosslinked, as represented by a simple poly- 
graph, He. Thus, it is convenient to take as the parameter p the total number of j- 
vertices, j. Crosslink formation (eq. (2)) is isomorphic with taking a set-theoretical 
product of 2-vertices 
A-+=j (9) 
i.e., while HP is transformed into HP+ 1 two %-vertices are replaced by one j-vertex; 
for crosslink the converse is true. Each connected component of HP corresponds to 
a molecular aggregate in the CPS. 
The notion of g-vertices (corresponding to reacted groups in the crosslinked 
system) is introduced by the relations 
.$=g?%$?, (lOa) 
or 
.$ = g$m r) n 8” (lob) 
i.e., the j-vertex of given category (m = t,c) and class (k=O, 1,2,3,4) may be split 
into two 2-vertices, called gl”‘-vertices (r=O, 1,2; I=A and B; cf. Fig. 3) both 
.t 
12.2 
a. 
b. 
%i 
%I 
‘-‘4 re I + 
Fig. 3. Examples of j-vertex splitting and suppression. (a) Four types of j-vertices from Fig. 2. (b) On 
splitting ajk-vertex two gf” -vertices are produced. (c) In the second step of suppression of a j-vertex the 
two gf” -vertices are in turn suppressed (this is a normal procedure of suppressing a 2+ertex, e.g., rA- 
or ra-vertex). Note the difference between gfm-vertices and rA- and rB-vertices from Fig. 1. 
278 W. Klono wski 
included among the same category as the j-vertex itself and classified as defined by 
eqs. (10). Introduction of the notion of gf” -vertices enables one to calculate in an 
easy way the probabilistic representation S, (eq. (7)) of the polygraph and hence 
that of the corresponding CPS (cf. [ 15,161). j-vertex splitting and suppressing defin- 
ed above are purely graph-theoretical operations, having no counterpart in the cor- 
responding CPS, and should be distinguished from j-vertex disintegration into rA- 
and rB-vertices (cf. eqs. (2) and (9)). 
Polygraphs of the family X are said to be random in the sense that forma- 
tion/disintegration of anyj-vertex from/into two r-vertices does not depend on the 
number or proximity of other j-vertices. 
2. Closed cycles and connected components 
The cyclomatic number of a polygraph is equal to 
y(H)= f [(Tj+2)-1]+K(ff)-V(H) (11) 
i=l 
where (ri+2) is the number of vertices (including the ends) incident with the ith 
polyedge and the summation is over all M=M(H) polyedges of H (for a graph all 
T;= 0 and summation gives just M(H)); v(H) is the total number of vertices of the 
polygraph under consideration and K(H) the number of connected components 
in H. 
Denoting the mean number of vertices per polyedge of kind I by (T/+ 2) (I=A, B) 
and taking into account the definition (8) of A, one obtains 
v(H) = N,(r/’ + 2) + N&t” + 2) - 
(NA + NB) * 
2 . 
(12) 
(13) 
The number of j’-vertices, J?, is the minimal number of j-vertices necessary to ob- 
tain a polygraph H( with such connected components. It is related to the state of 
aggregation of the system at the given time, t. On the other hand each jc-vertex 
closes one independent cycle without changing the number of connected com- 
ponents. So, the cyclomatic number, y(H), may be identified with the number of 
jC-vertices, i.e. (cf. eqs. (4) and (8)): 
y(H) = pJ= pn (A$ + N,)/2. 
From eqs. (1 l)-(14) one obtains 
(14) 
Theorem 1. The number of connected components in the polygraph is equal to 
K= (& iNB). [2-A(1 -P)]. (15) 
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I. 
H” 
C. d. 
Fig. 4. Topological Gelation Criterion. (a) Suppress all r*- and rB-vertices in polygraph H to obtain the 
j-equivalent polygraph, Hj. (b) Suppress a maximal number of j-vertices in Hj so that the number of 
components remains unchanged (e.g., the three&vertices indicated in (a) by straight arrows). (c) Further 
reduce He, as described in the text, to obtain Hg. (d) Finally split the j-vertices of Hg to obtain 
polygraph H”. This consists of unconnected A- and B-polyedges (PEP). Note the difference between 
gfg-vertices obtained by splitting and rA- and rB-vertices from Fig. 1. 
As the number of connected components, K, may not be less than 1 and for a 
polygraph without closed cycles p=O this follows at once from (15): 
Corollary 1. The maximum value of the branching index for which a finite poly- 
graph without closed cycles may exist is equal to 
13,=2- 2 =2. 
WA + Nd 
(16) 
By suppressing in H all rA- and rE-vertices (cf. suppressing of a 2-vertex in 
Fig. 3b,c) one obtains a j-equivalent hypergraph, H’ (Fig. 4a) which we shall use 
since we are interested only in j-vertices. 
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In any connected component of the polygraph Hi one suppresses (cf. Fig. 3) the 
maximum number of j-vertices so that the component is not decomposed into 
smaller subcomponents. Eventual suppression of any remaining j-vertex would 
cause such a decomposition. The j-vertices which may be suppressed in this way are 
cycle-closing vertices, are of category c, and the remaining, tree-forming vertices, 
are of category t. By suppression of all cycle-closing vertices in Hi one transforms 
each of its connected components into a tree and so Hj is transformed into an 
equivalent polygraph, He, (cf. Fig. 4b) being a forest, i.e., having cyclomatic num- 
ber equal zero. Vertices of He are called je-vertices, and correspond to crosslinks 
of category t [16]. He obtained in such a way is a tree-like spanning subpolygraph 
of H. 
The polygraph He is characterized by the equivalent probabilistic representation, 
Sh (cf. eq. (7)): The representation S’ may easily be obtained as 
Sk= {n&l’),zF(A”)} (17) 
where the nz’s are defined as fractions of vertices of the kth class in He with 
reference to the total number, jTe, of j”- vertices in He (cf. eq. (5)), the z; are still 
given by eq. (6) and the equivalent branching index, Ae, is equal to [16]: 
A’ = 
2j’ 
(NA + NE) 
= A(1 -/3). (18) 
The representation S& may by calculated using our Method of Equivalent Cross- 
links ([15-171). 
Taking into account the fuzzy character of vertex subdivision into the categories 
t and c (cf. definition of p, eq. (4)) it is easy to notice that one may suppress different 
subsets of the vertex set, V(H), and so produce different H”s. Each is a represen- 
tative of the equivalence class of forests, ?Xe, having the same Sh (eq. (17)). Any 
He~~%T- may be used for further considerations. 
The polygraph He is then transformed into a simpler polygraph Hg. The j- 
vertices of H which still remain in Hg (those having been in H classified as ji, , , j,’ 
and jh, respectively (cf. Fig. 2) are called Polygraph-Expanding j-Vertices (PEJ) of 
H; e.g. three vertices marked in Fig. 4a by double-flexed arrows are PEJ. PEJ’s cor- 
respond to Gelly-Capable Crosslinks (GCC) of CPS. The Ng polyedges of H which 
still remain in Hg are called Polygraph-Expanding Polyedges (PEP) of H; they cor- 
respond to Gelly-Capable Macromolecules (GCM) of CPS (cf. [15] and Table 1); 
fragments of PEP will be called PE-Subpolyedges and PE-Semipolyedges, respec- 
tively. 
By splitting all j-vertices of Hg one obtains finally a polygraph H” (cf. Fig. 4d) 
consisting of Ng unconnected polyedges. The 2-vertices of H” are called Poly- 
graph-Expanding g-Vertices (PEG); they correspond to Gelly-Capable Groups 
(GCG) of CPS (cf. Table 1). 
One defines the Reduced Branching Index (RBI), A,, equivalent to the Reduced 
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Crosslinking Density (RCL), L, [13,16] as the number of PEG (g,‘“) per PEP or 
double the number of PEJ (j”“) per PEP (cf. Table 1): 
(19) 
The RBI is expressed in terms of the notions characterizing the polygraphs I?’ 
and Hg but it is a topological characteristic of the polygraph H itself, as well as of 
the equivalent polygraphs Hj and He (cf. Fig. 4), i.e., all polygraphs in Fig. 4 have 
the same value of AH. 
The RBI may also be expressed in terms of the representation S, or in terms of 
the equivalent representation, S,$, and plays the crucial role in formulating the con- 
ditions for the appearance of the Giant Component in the evolving polygraph, 
HP~X-‘, i.e., for the appearance of the gel in the isomorphic crosslinked polymer 
system. 
3. Topological gelation criterion 
The problem of the appearance of the Giant Component (GC) (cf. Palmer, [21]) 
is formulated as follows: 
Problem CC. Suppose that there is given a family of hypergraphs, ti&,, such that 
for a hypergraph HP = ( P’(H,), II(H,), @(HP)) E Y&, when p -+ 03 one has: 
I f’(H,)l =.i’- a, (204 
lP(H,> I= WA + NB) + 03, G’Ob) 
but 
A = 2l?/(N, + NB) remains finite (2Oc) 
where V(H,) and B(H,) are the numbers of vertices and hyperbranches in HP, 
respectively. What is the minimal value, A,,, of the branching index such that there 
is non-zero probability that a randomly chosen j-vertex of HP belongs to an indefi- 
nitely long path through j-vertices? 
In other words, we wish to establish the condition under which a j-vertex (and 
so the polyedges incident with this j-vertex) selected at random might possibly 
belong to an infinite component. The answer lies in the expected number of sub- 
polyedges incident to any j-vertex and linking that vertex with its ‘progeny’-topo- 
logically nearest neighbor [26] j-vertices. 
Let us take as an example the fragment of a polygraph shown in Fig. 5. The ques- 
tion to be asked is: In passing via the subpolyedge from onej-vertex to another (say, 
from 1 to 2’) what is the expected number of subpolyedges to be found among all 
other (w - 1) sub- and semi-polyedges incident with the latter j-vertex (where w 
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Fig. 5. Fragment of a polygraph used to discuss the existence of the Giant Component (CC), (the gel in 
the corresponding CPS). 
denotes the total valence of j-vertices; in the case under consideration w = 4)? Or, 
what is the expected number of additional subpolyedges to be found in the un- 
exploredj-vertex 2’? If the polygraph is random, this expectation, denoted by E, will 
be the same for any vertex. Hence, the critical condition for the incipient formation 
of infinite structure is 
Ecr = 1 (21) 
since at least one additional subpolyedge incident with aj-vertex is necessary to pass 
through it. The above arguments are similar to those given by Flory [8] to calculate 
critical condition for the sol-gel transition due to crosslinking of pre-existing linear 
macromolecules and adapted by us [ 131. 
Arguments similar to those given above and criterion (21) may be applied directly 
only to polygraphs without closed cycles and so only to a tree-like crosslinked 
system. To formulate a similar criterion which could be applied for any polygraph 
and so for CPS with cycles it is necessary to use the notions of hypergraphs He, H” 
and Hg (cf. Fig. 4) and of the Reduced Branching Index, AH (eq. (19)). 
Theorem 2 (Topological Gelation Criterion). The necessary and sufficient condition 
for a polygraph HP E Jfm to contain a Giant Component is that the branching in- 
dex, A, is greater than a critical value, A,,, given by the equation 
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Acr = A&J = 2 
where the AN is the Reduced Branching Index as defined by eq. (19). 
(22) 
The proof is immediate. In the equivalent polygraph Hg by its very construction 
all j-vertices belong to the category PEJ and all polyedges to the category PEP. 
When the condition (22) is fulfilled, any polyedge of Hg is incident (on average) 
with two PEJ and hence is adjacent to two other PE-Subpolyedges, each of which 
is in turn incident with another PEJ and so is adjacent with another PE-Sub- 
polyedge, etc. Therefore, when the condition (22) is fulfilled there exists the CC. 
From the construction of the polygraph Hg it is obvious that if Hg possesses a 
GC, then so do polygraphs H, Hj and He. 
It is easy to calculate the RBI in terms of the representation SH or the equivalent 
representation Sh (see [15-171 where both the method of calculation as well as the 
detailed formulae are given). Then, using TGC (eq. (22)) one gets [17]: 
Corollary 2. The critical condition for the sol-gel transition is given by the value 
I,, of the crosslinking density index, 1, such that for I? I,, the gel appears, where I,, 
is the lowest positive root of the equation 
(2nl,+nl-nj-2n2C-n~)JI=,~~=0 (23) 
or of the equation 
(2n~+n&-n~-n$)II=,C_=0. (24) 
It is apparent [16], that (23) and (24) are indeed one and the same equation but 
expressed in terms of different polygraph representation, S, and Sh, respectively. 
For comparison, let us express the ‘classical’ condition (21) in terms of Sk. This 
is possible because, by its construction, He has no closed cycles. By definition, E is 
the expected number of additional polyedges in a j-vertex under the condition that 
this j-vertex is already adjacent to another j-vertex (i.e., that it is incident with at 
least one subpolyedge; so, vertices of class j, are excluded from considerations, cf. 
Fig. 2): 
3.$+2-j;+ l.i;+@j;r 3ni + 2nt + nz 
&= = 
J;+JT+J;+J; n~+n~+n~+n;’ 
(25) 
From (25) and condition (21) one obtains immediately equation (24). In contrast to 
the classical approach we have applied condition (21) not to the polygraph which 
necessarily had no closed cycles, but to an equivalent polygraph He, and we have 
shown how to construct such an equivalent polygraph for any polygraph given. 
Similarly, the Topological Gelation Criterion as formulated above is applicable to 
CPS with cycles, whereas classical criteria may be applied only to tree-like systems. 
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4. Generating functions and extinction probability for polygraphs 
The GC problem for an acyclic hypergraph may be formulated in a different way. 
For each evolving hypergraph HP, one may construct in the way shown above (cf. 
Fig. 4) an equivalent hypergraph, He. Suppose that one takes a randomj-vertex in 
a HP of any class other than ji. Call this vertex the root and direct all subpolyedges 
from the root to j-vertices adjacent to it. Let these be called j-vertices of the first 
generation. Further, direct the subpolyedges incident from the j-vertices of the first 
generation to the j-vertices of the second generation and so on. In this way poly- 
graph H~E.Y& is transformed into a rooted directed polygraph HT, being ana- 
logical to a family tree (Fig. 6). The GC problem may be now formulated using the 
theory of branching processes applied to the ‘family’ (subsequent generations) of 
the j-vertices of Hr. 
If the number of j-vertices in the @h generation is equal to 1 I/,(H,e’)l and in the 
(,u + 1)th generation to j VP+ ,(Hi’) 1, we define dP to be the mean number of ‘off- 
spring’ of any pth generation vertex 
i.e., as the number of j-vertices incident from it or the number of subpolyedges adja- 
cent from it. We define d as the limiting value of dp for HF when p + 00 and ,U ---t 03 
d= lim dp. 
P-m 
(27) 
It is obvious that the GC may exist if and only if d is not less than unity, i.e., 
one has the critical condition in the form 
d,.,= 1. (28) 
Since the root has been chosen randomly, (28) holds for the mean number of off- 
spring of any j-vertex, i.e., d becomes identical with (wJ- 1) (where wJ is the mean 
j-valence of a j-vertex) and so identical with E (eq. (25)). 
Taking into account normalization conditions for ni [16], d and E may be writ- 
ten in the form 
Fig. 6. Rooted directed tree-like polygraph, HT. The root is denoted by an open circle. Other j-vertices 
are denoted by black circles. 2- and l-vertices are not shown. 
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where 
dre= i (3 -k)rrk 
k=O 
(29) 
6 
Q=(1 (k = 0, 1,2,3). (30) 
In other words, zk is the probability that a j-vertex is adjacent with (3 -k) addi- 
tional j-vertices under condition that it is adjacent to any other j-vertex. Using pro- 
babilities zI, (30) one may write down a probability-generation function (p.g.f.), 
F, (Q, where 0 is a dummy variable. 
Corollary 3. 
w-1 
F,(B)= c ~k@+-k-1 
k=O 
(31) 
(where w is the total valence of j-vertices) is the probability generating function for 
subsequent generations of j-vertices in a rooted directed polygraph. 
The mean number of offspring is shown in the theory of branching processes to 
be equal 
,=dF,(O) 
de * 0=I 
(32) 
It is easy to check that in the case at hand (32) holds - by differentiating (3 1) (for 
w =4), putting (30) for zk and l3= 1 one obtains (29). Then by using the critical 
condition (28) one obtains again (24). 
Corollary 4. The critical condition for the sol-gel transition is given by the value 
l,, being the smallest positive root of the equation 
w(e) = 1 
de 6= 1,l=l,, 
where F,(B) is given by (30)-(31). 
(33) 
P.g.f. F,(e) is used also for calculating the probability of extinction, u, defined 
as the smallest positive root of the equation 
F,(u)=o. (34) 
If u> 1, then with probability one the number of subsequent generations in any 
connected component of the rooted directed polygraph H,e’ is a finite number and 
so the Giant Component does not exist, i.e., one has the critical condition in the 
form 
u,,= 1. (35) 
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If u< 1, then CC does exist with probability equal to (1 - u). 
From the definition (34) using (30)-(31) one obtains 
Ue = -3[1+ (n;/n;)] +1/{i[l+ (nf/n$]2+ (n;/n;)} (36) 
By using the critical condition (35) for ue (eq. 36) one obtains again (24). 
Corollary 5. The critical condition for the sol-gel transition is given by the value 
l,, being the smallest positive root of the equation 
%,,,= 1 (37) 
where ve is given by eq. (36). 
The probability ve also plays a fundamental role in calculations of the gel frac- 
tion and of the modulus of elasticity of the crosslinked polymer system under con- 
sideration. Thus the gel fraction is equal to the weight of the Giant Component in 
He (and so in H itself) divided by the total weight of the hypergraph H where each 
edge has been given the weight equal to the molecular mass of the macromolecular 
chain it is isomorphic to (cf. Table 1 and [16, IS]). 
We underline once again that classically the critical conditions like (28), (35) are 
applicable only to tree-like systems. For a crosslinked polymer system with closed 
cycles formulation of the above critical conditions requires the introduction of 
equivalent polygraphs H, and appropriate statistical representations Sh. 
All formulations of the critical condition for the sol-gel transition point are con- 
sistent with one another and lead to the same result (24). It confirms our conviction 
that the probability generating function F,(B) should take the form given by 
eqs. (30)-(31) (cf. [13]). 
5. Concluding remarks 
Powerful topological methods and graph theory are being employed increasingly 
and successfully to tackle diverse problems in a variety of areas of physics and 
chemistry [ 121, including material science [3] and polymer physicochemistry [ 111. By 
combining graph theory with an algebraic-probabilistic approach it is possible to 
predict the properties of polymer systems from their structure, i.e., to build up 
structure-property relationships. 
Recently the theory of hypergraphs has become more prevalent, allowing access 
to mathematical models for complex systems which are more adequate for the 
phenomena studied. Whereas graphs enable one to take into account relations bet- 
ween the pairs of objects, hypergraphs enable one to model multi-object relations 
as well. 
We have defined a special class of hypergraphs (which we call polygraphs), that 
are especially appropriate for modelling polymer systems. We have also defined dif- 
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ferent probabilistic representations of those hypergraphs and shown how their 
characteristics may be calculated. 
We have concentrated mainly on the problem of defining and computing the 
critical sol-gel transition point. However our model may also be applied to com- 
pletely different problems; e.g., aggregation and ‘gelation’ of cell surface receptors 
WI. 
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